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Two-dimensional Heisenberg model with nonlinear interactions
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We investigate a two-dimensional classicalN-vector model with a nonlinear interaction (11si•sj )
p in the

large-N limit. As observed forN53 by Blöte et al. @Phys. Rev. Lett.88, 047203~2002!#, we find a first-order
transition for p.pc and no finite-temperature phase transitions forp,pc . For p.pc , both phases have
short-range order, the correlation length showing a finite discontinuity at the transition. Forp5pc , there is a
peculiar transition, where the spin-spin correlation length is finite while the energy-energy correlation length
diverges.
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The two-dimensional Heisenberg model has been the
ject of extensive studies that mainly focused on
O(N)-symmetric Hamiltonian

H52Nb(̂
i j &

si•sj , ~1!

wheresi is an N-dimensional unit spin and the sum is e
tended over all lattice nearest neighbors. The behavior of
system in two dimensions is well understood. It is disorde
for all finite b @1# and it is described forb→` by the per-
turbative renormalization group@2–4#. The square-lattice
model has been extensively studied numerically@5–10#,
checking the perturbative predictions@11–15# and the non-
perturbative constants@16–18#.

In this paper we study a more general Hamiltonian on
square lattice; more precisely, we consider

H52Nb(
xm

W~11sx•sx1m!, ~2!

whereW(x) is a generic function such thatW(2).W(x) for
all 0<x,2, in order to guarantee that the system ord
ferromagnetically forb→`. A particular case of the Hamil
tonian~2! has been extensively studied in the years, the c
in which W(x) is a second-order polynomial. Such a choi
of W(x) gives rise to the so-called mixedO(N)-RPN21

model@19–28#, which is relevant for liquid crystals@29–34#
and for some orientational transitions@35#.

In a recent paper@36#, the authors analyzed a model wi
W(x)5axp1b and found an additional first-order transitio
for large enoughp. Here, we will study the same mode
finding an analogous result forp.pc'4.537 857 a first-
order transition appears, the correlation length—and in g
eral, all thermodynamic quantities—showing a finite disco
tinuity. Note that the appearance of a first-order transition
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nonlinear models is not a new phenomenon. Indeed, foN
5` it was already shown in Ref.@20# that a first-order tran-
sition appears in mixedO(N)-RPN21 models for certain val-
ues of the couplings. It is of interest to understand the
havior for p5pc . For such value ofp, Ref. @36# found a
peculiar phase transition; while the spin-spin correlat
length remains finite, the energy-energy correlation len
diverges. Here, we will show that the same phenomenon
curs forN5`. However, at variance with what observed
Ref. @36#, the critical theory shows mean-field, not Isin
behavior.

Let us consider the Hamiltonian~2! on a hypercubic
d-dimensional lattice. We normalizeW(x) by requiring
W8(2)51 so that in the spin-wave limit,

H5
Nb

2 E dx ]ms•]ms. ~3!

We also fixW(1)50 so thatH50 for a random configura-
tion. Then, we introduce two new fieldslxm andrxm in order
to linearize the dependence of the Hamiltonian on the s
coupling. We write

exp@NbW~11sx•sx1m!#

;E drxmdlxmexpFNb

2
lxm~11sx•sx1m2rxm!

1NbW~rxm!G . ~4!

As usual in the large-N expansion, we also introduce a fie
mx in order to eliminate the constraintsx

251. Thus, we write

d~sx
221!;E dmxexpF2

Nb

2
mx~sx

221!G . ~5!

With these transformations we can rewrite the partition fu
tion as
©2002 The American Physical Society20-1
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Z5E )
xm

@drxmdlxm#)
x

@dmxdsx#e
NA, ~6!

where

A5
b

2 (
xm

@lxm1lxmsx•sx1m2lxmrxm12W~rxm!#

2
b

2 (
x

~mxsx
22mx!. ~7!

We perform a saddle-point integration by writing

lxm5a1l̂xm ,

rxm5t1 r̂xm ,

mx5g1m̂x . ~8!

A standard calculation gives the following saddle-point eq
tions @37#:

db~12t!1
1

a
@~2d1m0

2!I ~m0
2!21#50,

a22W8~t!50,

b

2
2

1

a
I ~m0

2!50, ~9!

where we setg5a(2d1m0
2)/2,

I ~m0
2!5E ddp

~2p!d

1

p̂21m0
2

, ~10!

and p̂254(msin2pm/2. The variablem0 has a simple inter-
pretation; it is related to the spin-spin correlation length
js51/m0. From Eq.~9! we obtain finally

b5
I ~m0

2!

W8~t!
, ~11!

where

t5t~m0![21
m0

2

2d
2

1

2dI~m0
2!

. ~12!

The corresponding free energy can be written as

F52bdW~t!1
1

2
ln I ~m0

2!1
1

2
L~m0

2!, ~13!

where

L~m0
2!5E ddp

~2p!d ln~ p̂21m0
2!. ~14!

Focusing now on the two-dimensional case, let us show t
for any W(x), the spin-spin correlation length is always
01612
-

y

t,

nite, i.e.,js5`, so thatm050, only for b5`. Note first
that t52 ~respectivelyt51) for m050 ~respectivelym0
5`) and thatt(m0) is a strictly decreasing function ofm0.
Thus,W8(t) is finite for all m0. Then, sinceI (0)51`, we
find thatjs5` only if b5`, i.e.,js is finite for all finiteb.

We want now to discuss the behavior forb→`. From Eq.
~11!, we see thatb→` for m0→0 and possibly form0

→m̄i , whereW8@t(m̄i)#50. If there is more than one solu
tion, the relevant one corresponds to the lowest free ene
Now, for b→`, we can simply write@38# F'22bW(t).
Sincet(0)52 andW(2).W(t) for all 0<t,2 because of
the ferromagnetic condition, the relevant solution is the o
with m0→0. Then, using

I ~m0
2!52

1

2p
ln

m0
2

32
1O~m0

2ln m0
2! ~15!

for m0→0, we obtain

m0
2532e22pb1pW9(2)/2@11O~b21!#, ~16!

in agreement with the standard perturbative renormalizat
group predictions@39#.

Let us now discuss the possibility of first-order pha
transitions, which may arise from the presence of multi
solutions to Eq.~11!. As in Ref. @36#, we consider

W~x!5
2

p S x

2D p

2
212p

p
. ~17!

In Fig. 1 we plot the functionb(m0)[I (m0
2)/W8(t), for p

54, 4.5, 5, 5.5. Forp54, 4.5, for eachb there is a unique
solution m0 and thus there are no phase transitions. On
other hand, forp55, 5.5, there is the possibility of multiple
solutions, in which case the most relevant is the one t
gives the lowest free energy. Forp55, we plot the free
energy in Fig. 2. We observe a first-order transition forb
'1.543 with a finite discontinuity of the correlation lengt
Djs'16.2, and of all thermodynamic quantities. A nume
cal analysis of the gap equation~11! shows that a first-orde
transition exists for allp.pc'4.537 857. Forp5pc , the
thermodynamic functions are nonanalytic forb5bc
'1.334 72. In this case,

FIG. 1. Functionb(m0)[I (m0)/W8(t) vs m0, for p54, 4.5, 5,
and 5.5. For anyp,b(m0)→` for m0→0.
0-2
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b2bc'20.035 726~m02m0c!
31O@~m02m0c!

4#,
~18!

wherem0c'0.387 537. Consequently, repeating the disc
sion of Ref.@20#,

js~b!'2.580417.8682~b2bc!
1/31•••, ~19!

E~b!'0.162 27410.314 385~b2bc!
1/31•••, ~20!

C~b!'0.104 795~b2bc!
22/31•••, ~21!

whereE andC are, respectively, the energy and the spec
heat per site. Note thatC(b) diverges at the critical point
indicating that, although spin-spin correlations are not cr
cal, criticality is observed for energy-energy correlations.
deed, consider

DQ~k!5(
xmn

eik•(x2y)^Q~11sx•sx1m!;Q~11sy•sy1n!&,

~22!

whereQ(x) is an arbitrary regular function. ForN→`,

DQ~k!5@Q8~t!#2(
mn

^r̂m~2k!; r̂n~k!&, ~23!

so that

NDQ~0!5S Q8~t!

W8~t!
D 2

C~b!. ~24!

FIG. 2. The free energyF(b) for p55. There is a critical point
C for bc'1.543.
ka

01612
-

c

-
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It follows DQ(0);(b2bc)
22/3 for any function Q(x).

Thus, all correlation functions of the energy show a critic
behavior. In order to compute the associated correla
length, we determineDQ(k) for arbitraryk. We obtain

NDQ~k!

5
2@Q8~t!#2@A2~k!A0~k!2A1~k!2#

b2@W8~t!#2A0~k!2bW9~t!@A2~k!A0~k!2A1~k!2#
,

~25!

where

An~k!5E d2q

~2p!2

S (
m

cosqmD n

@~q1k/2!̂21m0
2#@~q2k/2!̂21m0

2#
.

~26!

For b→bc andk→0, we have

DQ~k!215a~b2bc!
2/31bk21O~k4!, ~27!

with a,b5” 0. Thus, the energy-energy correlation leng
jE(b) behaves as

jE~b!;~b2bc!
21/3, ~28!

i.e., nE51/3. We thus confirm the results of Ref.@36# on the
existence of the critical theory forp5pc , although we dis-
agree on the nature of the critical behavior. Indeed, Ref.@36#
suggesteda5121/d, with d assuming the Ising valued
515. Instead, we find the mean-field valued53. It is un-
clear how to reconcile our large-N result with the argumen
of Ref. @36#. Indeed, they argue that the transition should
Ising-like because the order parameter is a scalar and con
numerically this conjecture forN53. Note that the argumen
applies for all values ofN and thus, if the large-N limit is
smooth, it would predict Ising behavior even forN5`. On
the other hand, forN5` one expects mean-field exponen
since fluctuations are neglected. Inclusion of the 1/N correc-
tions is expected to change the value ofa, but it would make
it N dependent, and thus definitely not related to the Isin
exponents. Therefore, either the limitN→` is singular, or
the exponenta for this transition is different from that pre
dicted in Ref.@36#. This issue deserves further investigation
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